High-fidelity quantum gates are essential for large scale quantum computation, which can naturally be realized in a noise resilient way. It is well-known that geometric manipulation and decoherence-free subspace encoding are promising ways towards robust quantum computation. Here, by combining the advantages of both strategies, we propose and experimentally realize universal holonomic quantum gates in a single-loop way, based on nonadiabatic and non-Abelian geometric phases, in a decoherence-free subspace with nuclear magnetic resonance. Our experiment only employs two-body resonant spin-spin interactions and thus is experimental friendly. In particularly, we also experimentally implement a composite gate scheme, and verify that it is more robust against the pulse error over the single-loop scheme. Therefore, our experiment provides a promising way towards high-fidelity and robust geometric quantum manipulation.
Introduction.− It is generally believed that quantum computers can be more efficient in processing certain hard tasks, which cannot be achievable by their classical counterparts. However, quantum information is very fragile and can be destroyed by the weak environmental induced noises. Meanwhile, imperfect quantum manipulation will also introduce additional error towards the target operation. Therefore, to obtain high-fidelity quantum manipulation, it is essential to fight against various noises and operation errors.
As it is well known, geometric phases [1-3] have builtin noise-resilient feature [4] [5] [6] [7] [8] , which are determined by the global properties of the evolution paths. Therefore, geometric quantum computation [9] , where quantum gates are induced by geometric transformations, is a promising candidate to achieve high-fidelity quantum manipulation. Moreover, due to the intrinsic noncommutativity, non-Abelian geometric phases [2] can naturally lead to quantum gates, i.e., the so-called holonomic quantum computation [10] [11] [12] [13] . However, geometric phases based on adiabatic evolution are so slow that decoherence will introduce considerable gate errors [14, 15] . To deal with this difficulty, nonadiabatic holonomic quantum computation (NHQC) has been proposed recently [16] [17] [18] [19] , where fast holonomic quantum gates can be obtained based on nonadiabatic non-Abelian geometric phases. In addition, elementary quantum operations of NHQC have also been experimentally demonstrated in nuclear magnetic resonance (NMR) [20, 21] , superconducting circuits [22] [23] [24] , and electron spins in diamond [25] [26] [27] [28] [29] [30] .
Meanwhile, quantum systems will inevitably interact with their surrounding environment, which may cause collective dephasing noise. To overcome this problem and achieve highfidelity quantum operation, decoherence-free subspace (DFS) encoding has been proposed [31] [32] [33] . Recently, many efforts have also been made to combine NHQC with DFS encoding [34] [35] [36] [37] [38] [39] [40] [41] , which can maintain both the noise resilience of the encoding and the operational robustness of holonomies. However, these schemes are generally rather complicated and thus difficult to implement experimentally, as three-body or dispersively induced interactions involve there.
Here, we propose and experimentally realize an extended NHQC scheme in a three-qubit DFS [39, 40] . The distinct merit of our proposal is that it only involves resonant twobody interactions of two-level systems, thus leading to fast NHQC in a simplified setup. Meanwhile, it is based on the resonant single-loop NHQC scenario [42] , where an arbitrary single-qubit gate can be realized in a single step. In addition, we experimentally show that an additional composite scheme [43, 44] can further improve the noise resilience of the implemented holonomic quantum gates. Therefore, our experiment provides a promising methodology towards robust geometric quantum computation.
Single-loop and composite NHQC.− Here, we utilize three physical qubits to encode a logical qubit, by selecting the single-excitation subsystem S 1 = {|100 , |001 , |010 } = {|0 L , |1 L , |E L } as a three-dimensional DFS, where the subscript "L" denotes that the corresponding states belong to the logical states and |E L is an ancillary state of the logical qubit; |mnk ≡ |m 1 ⊗ |n 2 ⊗ |k 3 with the subscript indicating different physical qubits. Hamiltonian we design is H S = H 1 + H 2 and
where i = 1, 2 and H i denotes the interaction Hamiltonian between q i and q i+1 qubits; the Pauli operators for physical qubits are represented by X, Y , and Z; Ω i and φ i are the strength and phase of the coupling between qubits q i and q i+1 , respectively.
Setting Ω 1 = Ω cos(θ/2), Ω 2 = Ω sin(θ/2) with Ω = Ω 2 1 + Ω 2 2 and θ = 2 tan −1 (Ω 2 /Ω 1 ), as shown in Fig. 1(a) , the Hamiltonian H S in S 1 can be written as
where |b L = cos(θ/2)|0 L +sin(θ/2)e iφ |1 L with φ = φ 2 − φ 1 . In the dressed-state representation {|b L , |d L , |E L }, the dynamic process of the Hamiltonian H LS can be regarded as a resonant coupling between the bright state |b L and the ancillary state |E L , while the dark state |d L = sin(θ/2)|0 L − cos(θ/2)e iφ |1 L decouples from the dynamics all the time. Thereafter, an arbitrary single-logical-qubit holonomic gate in S 1 can be realized with a single-loop scenario, by engineering the quantum system to evolve along an orange-sliceshaped path, as shown in Fig. 1(b) . In our construction, the pulse area is set as Ωτ = π, with τ being the entire evolution time, which is separated into two equal segments. In the first segment [0, τ /2], we set φ 1 = 0, the reduced Hamiltonian is H a = Ω(|b L E| + |E L b|) and the corresponding evolution operator is
is set for the second segment [τ /2, τ ], and the corresponding evolution operator changes to
In this way, in the logical-qubit computational basis {|0 L , |1 L }, the induced gate operation will be
where σ L = (X L , Y L , Z L ) are the Pauli operators for the logical-qubit subspace {|0 L , |1 L }, n = (sin θ cos φ, sin θ sin φ, cos θ). In the Bloch sphere representation, Eq. (3) indicates a rotation operation around the axis n by an angle γ/2, up to a global phase factor, which can lead to arbitrary single-logical-qubit gates as both n and γ are tunable. In addition, the implemented gates are geometric as the evolution of logical qubit states satisfy (i) the parallel-transport condition, i.e., L j(t)|H LS |k(t) L = 0 with j, k ∈ {b, d}, and (ii) the cyclic evolution condition,
Usually, the existence of systematic error tends to devastate the advantage of the robustness of holonomic gate in the NHQC [45, 46] . To overcome this, we suggest implementing the holonomic gates with composite pulses schemes [43, 44] . To achieve this, we take U S (γ/N, θ, φ) as an elementary gate, where N > 1. Thus, the target gate U S (γ, θ, φ) in Eq. (3) can be achieved by sequentially apply N times of the elementary gate, keeping the cumulative geometric phase to be γ, i.e.,
We now proceed to the construction of nontrivial twological-qubit holonomic gates, combining with the above arbitrary single-logical-qubit holonomic gates, universal NHQC can be realized. For the two-logical qubit, a six-dimensional DFS exists, i.e.,
where |E 1 L and |E 2 L are the ancillary states; |mnkm n k = |m 1 ⊗ |n 2 ⊗ |k 3 ⊗ |m 4 ⊗ |n 5 ⊗ |k 6 , i.e., the physical qubits (q 1 , q 2 , q 3 ) and (q 4 , q 5 , q 6 ) encode the first and second logical qubits, respectively. For two-qubit case, we design Hamiltonian H T = H 3 + H 4 with
Defining Ω 3 = Ω cos(ϑ/2), Ω 4 = Ω sin(ϑ/2) with Ω = Ω 2 3 + Ω 2 4 and ϑ = 2 tan −1 (Ω 4 /Ω 3 ), H T can be rewritten, in the DFS S 2 , as H LT = H
(1)
being two commuting parts.
In the subspace
LT ) forms a Hamiltonian that is similar to H LS for the single-logical qubit gates, and the two subspaces evolve independently with the coupling diagrams are shown in Fig 
1(c).
When Ω T = π with T being the evolution time, the evolution operator in S 2 is
As the evolution in the subspace {|00 L , |01 L } is different from that of in the subspace {|10 L , |11 L } in general, Eq. (7) denotes nontrivial two-qubit gates, by setting deferent ϑ and/or ϕ. Experimental procedure and results.− We employ diethyl fluoromalonate dissolved in 2 H-labeled chloroform at 303K as an NMR quantum simulator, where three physical qubits (q 1 , q 2 , q 3 ) are realized by the nuclear spins ( 1 H, 13 C, 19 F). The molecular structure and parameters are shown in Fig.  2(a) . The natural Hamiltonian in the triple-resonance rotating frame is
where J ij is the scalar coupling strength between the ith and jth nucleus. The experiment begins with preparing a pseudopure state ρ pps = (1 − ε)I/8 + ε|000 000| from the thermal equilibrium state, using the line-selective method [47] . Here, ε ≈ 10 −5 denotes the polarization, and I denotes the 8×8 identity matrix. Thereafter, the DFS encoded logical states can be obtained by the rotations R 1 x (π)|000 = |100 ≡ |0 L , R 3
x (π)|000 = |001 ≡ |1 L . Comparing with the unencoded states, DFS encoding is more robust against collective dephasing noise, the experimental testing of the robustness property is presented in Ref. [48] .
In the following, we take holonomic NOT and Hadamard (H) gates as two typical examples of single-logical-qubit gates to experimentally demonstrate their performance. Without loss of generalization, we set φ = φ 2 − φ 1 = 0. According to Eq. (3), one can obtain NOT = U S (π, π/2, 0) under the evolution of 
For the sake of simplicity, we take effective coupling parameter Ω = 1 in the Hamiltonian H S hereafter. Using Trotter formula, we approximately generate the evolution operator e −iH S τ ∼ = e −iτ H2τ /6 e −iH1τ /3 e −iH2τ /6 3 + O (τ /3) 3 . All the gate fidelities can reach 0.9999 by the Trotter approximations, and our experimental pulse sequences are presented in Ref. [48] .
In order to quantitatively access experimental implementations of the NHQC gates, we use standard quantum process tomography (QPT) [49] in the logical qubit subspace, and the experimental scheme is shown in Fig. 2(b) (see Ref. [48] for the details). For single-logical-qubit gates, we prepare the initial state ρ in as |0 L , |1 L , (|0 L + |1 L )/ √ 2 and (|0 L + i|1 L )/ √ 2 through the operation U , and then perform holonomic operation U S for different logical gates, e.g., NOT or H, finally the output state ρ f = U S ρ in U † S are determined by quantum state tomography [50] . The required information are selected to reconstruct quantum channels in the logicalqubit subspace. The experimentally reconstructed χ matrixes in the logical-qubit subspace for holonomic NOT and H gates are shown in Fig. 3(a) and (b) , respectively. Here, we estimate the errors of the reconstructed gate by the distance of the experimental and theoretic χ matrixes under the definition of Frobenius-norm, i.e., D(χ) ≡ D(χ exp , χ th ) = χ exp − χ th . The results are 0.202 and 0.217 for holonomic NOT and H gates in a single-loop way, respectively, for those in the composite-pulse scheme they are 0.216 and 0.210. These errors mainly come from the state preparation and measurement (SPAM). Simple analysis (see Ref. [48] ) give the approximate error standard deviation 0.173 induced by SPAM. The remanent errors are due to the quantum and statistic fluctuations.
Since only three physical qubits (q 3 , q 4 , q 6 ) are active in the Hamiltonian H T to complete the two-logical-qubit gates, and thus the dynamics of which can be simulated on the threequbit quantum processor. Neglecting the three uninvolved physical qubits, the reduced two-logical-qubit joint states are
In our experiment, the nuclear spins ( 1 H, 13 C, 19 F) are chosen as physical qubits (q 4 , q 3 , q 6 ). Similar to the construction of single-logical-qubit gate, a two-logical-qubit gate U T (π/4, 0) can also be implemented under the evolution of
]/2 with duration T = π/Ω , where Ω = 1 for simplicity. Also, we perform the standard QPT for two-logical-qubit gates in the logical-qubit subspace, by preparing 16 initial
Therefore, the χ matrix for the two-logical-qubit gate U T (π/4, 0) are experimentally determined, as shown in Fig. 3(c) , and the experimental obtained distance is 0.274.
Robustness testing of single-logical-qubit gates.− In the following, we turn to test the advantage of the composite pulses scheme, taking two single-logical-qubit gates as examples. The realized single-logical-qubit composite gates not only preserve the nature of nonadiabatic holonomy, but also suppress systematic error to further enhance the robustness of the gates. To experimentally demonstrate this enhancement, we add systematic errors in Hamiltonian H S as (1+ )Ω with being the error fraction, i.e., the deviation of coupling strength, which might be caused by the imperfection of π pulses condition so that the cyclic evolution is no longer satisfied. Using the same QPT procedure as above, we obtain the gate distances of all the holonomic gates versus the error fraction in both the single-loop and the composite-pulse schemes, as shown in Fig. 4 . Generally, it indicates that holonomic gates realized by the composite-pulse scheme has better robustness against the systematic error . The abnormal behaviors in the small systematic error area for NOT gate are mainly due to the SPAM errors, which contribute to the most part of the gate distance when is small and cause the uncertainty of the distance measurement, just as analyzed before.
Summary.− By combining the advantages of geometric manipulation and DFS encoding, we have proposed an extended NQHC scheme, and demonstrated its feasibility in a proof-ofprinciple experiments via an NMR quantum information processor. To our best knowledge, this is the first experimental demonstration of universal NHQC in DFS for both the singleloop and composite-pulse way, which is an important steptoward for fault-tolerant quantum computing. Moreover, we also test the robustness of our implemented gates and show that the holonomic gates realized in the composite-pulse way have a better performance against the systematic error than that in the single-loop way. 
